
DUALITY AND ITS CONSEQUENCES FOR ORDERED

COHOMOLOGY OF FINITE TYPE SUBSHIFTS*

K. H. KIM, F. W. ROUSH, AND SUSAN G. WILLIAMS

Abstract. We construct a fundamental group for subshifts of �nite type and
prove that its abelianization gives a homology dual to ordered cohomology.
We characterize cohomology classes representable as characteristic functions
of clopen sets and give examples to illustrate what can happen for inclusions
among clopen sets. We show that existence of unital ordered cohomology
equivalence arising from isomorphisms of cochain groups is equivalent to home-
omorphism preserving closures of orbits. We also show we can identify from
the cohomology of a product of �nite type subshifts, and the action of auto-
morphisms on the �rst factor, the conjugacy class of the second factor.

1. Introduction

In recent years a concept of ordered cohomology introduced by Y. T. Poon [9]
has proved important for zero-dimensional dynamical systems.

Here we show that the ordered cohomology group without its order structure cor-
responds by duality to a homology group and this in turn arises from a fundamental
group. The unordered fundamental groups of all irreducible subshifts of �nite type
(SFT) of positive entropy are isomorphic but they have some order structure also.
The fundamental group can be used to classify coverings of irreducible SFT just as
with path connected topological spaces.

An SFT SA represented by an n � n (0,1)-matrix A is the set of all sequences
(xi) of vertices corresponding to biin�nite paths in the graph with adjaceny matrix
A, where the shift operator shifts coordinates by 1. It is topologized by pointwise
convergence (product topology). The cohomology [3] of a dynamical system (X; s) is
the quotient of the group of all continuous functions f fromX into the integers with
discrete topology, by the subgroup of coboundaries (g(x) � g(sx)) for continuous
g. Its order subsemigroup is the subsemigroup generated by nonnegative f , and it
has a unit, the class of the constant function 1.

Here we explore several issues related to the question of how much of the geom-
etry of an SFT is determined by the ordered cohomology. Ordered cohomology is
more directly related to orbit closure equivalence, that is, homeomorphism preserv-
ing closures of orbits, than it is to orbit equivalence.

2. Fundamental group and homology

We refer the reader to [7] for basic de�nitions and results concerning subshifts.

De�nition 2.1. Let SA be an SFT represented by a (0,1)-matrix A with graph
G and let En(G) denote the nth-iterated edge graph; the vertices of En(G) are

1991 Mathematics Subject Classi�cation. Primary 37B10, 54H20.
The �rst two authors were partially supported by NSF Grants DMS 9024813 and DMS 9405004.

The third author was partially supported by NSF Grant DMS 0071004.

1



2 K. H. KIM, F. W. ROUSH, AND SUSAN G. WILLIAMS

identi�ed with blocks [x0; : : : ; xn�1] corresponding to walks of length n in G. Given
b = (bi) 2 SA, consider the fundamental group of a geometric realization of En(G)
with basepoint the vertex [b0; : : : ; bn�1]. The natural graph homomorphism from
En+1(G) to En(G) taking [b0; : : : ; bn] to [b0; : : : ; bn�1] induces a map on their
fundamental groups. The fundamental group of SA with basepoint b, denoted
�(SA; b), is the inverse limit of this sequence of groups. It is a topological group
given the inverse limit topology, where the graph fundamental groups have the
discrete topology.

This concept of fundamental group can be extended to general 0-dimensional
systems in the manner of De�niton 2.7 below.

Proposition 2.2. A homomorphism � : SA ! SB between shifts of �nite type
induces homomorphisms from �(SA; x) to �(SB ; �(x)). If � is a conjugacy, the
fundamental groups are isomorphic.

Proof. A k-block shift homomorphism induces maps from En+k(G) to En(H) and
hence maps on their fundamental groups, and the inverse limit system. Since the
inverse limit is unchanged by a shift in the subscripts, inverse maps on subshifts
give inverse mappings on the fundamental groups.

For irreducible SFT a change of basepoint yields an isomorphic fundamental
group. Indeed, since the graph of En(G) is connected, a change of base points
induces isomorphisms of the fundamental groups, by adding paths between the two
base points at each end of a loop. To make this consistent over higher edge graphs
we must make the image in En(G) of such path in En+1(G) homotopic relative to
its end points to the path chosen in En(G). This can be done by taking any path
between the basepoints in En+1(G) and adding loops at the endpoints to adjust
the homotopy class, using the following result.

Proposition 2.3. The fundamental group of a strongly connected directed graph
G is generated by homotopy classes of closed directed walks which begin at the base
point. The natural mappings from En+1(G) to En(G) always induce epimorphisms
on their free fundamental groups.

Proof. Regarding the �rst statement, by de�nition, the fundamental group is gen-
erated by the homotopy classes of undirected loops at the basepoint b. If G is
connected it has a directed spanning tree with root b, and so its fundamental group
is generated by the walks x made up by going out on the tree by a path p1 to some
vertex v, passing by a single edge e to another vertex w, and then taking an inverse
path p2 along the spanning tree to b. For, using such undirected paths, we can �nd
a homotopy of any undirected walk starting and ending at b to an undirected walk
along the edges of the spanning directed tree. Let p3 be a directed walk from w
to b. Then x is homotopic to p1ep3(p2p3)

�1. This method converts an undirected
closed walk to a homotopic product of directed walks and their inverses.

To prove the second statement, it suÆces to look at a single graph G and its
edge graph E1(G). Let the basepoint in E1(G) be a vertex [ba] mapping to the
edge ba in G, where b is the basepoint of G. The images in G of directed closed
walks in E(G) from ba to ba will consist of all closed walks starting at vertex b and
ending ba. Products and inverses of such walks are also in the image. Let bcP be
any walk from b to b in G, and let baP1 be a walk from b to b that goes �rst to a.
Then (baP1)

�1baP1bcPbaP1(baP1)
�1 represents the same homotopy class as bcP
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and lifts to E1(G). The necessity of such a formula and the way it works can be
seen if we consider a graph made up of two cycles only, bcP , baP1 with only vertex
b in common.

If SA is an irreducible SFT of positive entropy then by the above its fundamental
group is an inverse limit of epimorphisms of free groups of unbounded �nite rank.
With a little group theory ([6], Th.7.3.2, applied to images of generators), this
implies that the fundamental group of an irreducible SFT is an inverse limit of a
system of free groups Fn on n generators under the map sending the nth generator
to the identity. Hence all fundamental group of irreducible subshifts of �nite type
and positive entropy are isomorphic.

By a covering of a subshift X we will mean a subshift Y together with an
epimorphism � from Y to X such that each point of X has a clopen neighborhood
whose inverse image is a union of disjoint clopen neighborhoods on which � is a
homeomorphism. The covering is regular if X is the quotient of Y by a free (that
is, �xed-point free) and discrete group action. As in the classical covering theory of
connected topological spaces, one can show that any degree n covering (constant-
to-one mapping) Y onto X will arise from a regular covering Z of X with covering
group the symmetric group S(n) on n letters, where Y is identi�ed with Z=S(n�
1). We may construct the coverings of shifts of �nite type by �nding associated
topological coverings of graphs and their associated principal S(n) bundles, which
will be regular coverings, as in the theory of �bre bundles in algebraic topology.

Proposition 2.4. Any continuous homomorphism from the fundamental group of
a subshift of �nite type to a �nite group � induces a regular covering of subshifts
of �nite type with covering group �. All regular coverings of subshifts of �nite type
arise in this way.

Proof. A continuous homomorphism from �(SA) to � must induce a homomorphism
from the fundamental group of some En(G) to �. The corresponding covering space
of En(G) can be regarded as a digraph G1 by taking the orientations on the edges
inherited from En(G). The SFT represented by G1 is a regular covering of SA with
covering group �.

We can see that this construction is consistent with taking higher edge graphs
by considering E1(G1). There is an induced � action on E1(G1), giving a quotient
graph G2 whose vertices correspond to edges of G1 taken modulo �, and edges to
paths of length 2 in G1 modulo �. There is a natural quotient map from G2 to
E1(G), which in fact is a a graph isomorphism since � acts freely on G1.

For the last statement we use a lemma of J. Franks (Proposition 2.9 in [5]) saying
that any �nite group action on a subshift of �nite type SA can be represented by a
permutation of vertices on some graph G representing a vertex shift conjugate to
SA. A free action can be represented by a free permutation of vertices if we pass
to some En(G). The quotient of the graph by the group is a topological regular
covering, and hence is induced by a quotient of its fundamental group.

De�nition 2.5. The positivity structure on the fundamental group of a subshift
of �nite type associated with a partially ordered group Go consists of the set of all
homomorphisms from the fundamental group into Go such that the image of every
closed walk starting at the base point and made up of a concatenation of directed
walks and cancelling segments PP�1; P�1P on any of the iterated edge graphs is
nonnegative.
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Note that a walk of this kind in En(G) projects to such a walk in En�1(G).
Conversely a walk of this kind in En�1(G) can be lifted to a walk of this kind up
to homotopy in En(G).

Such homomorphisms can be constructed by taking a �xed edge graph and order-
ing its fundamental group so that the directed closed walks de�ne the subsemigroup
of nonnegative elements. This is de�ned just to generalize the ordering for coho-
mology.

Proposition 2.6. If � : SA ! SB is a conjugacy of irreducible shifts of �nite type
then for every b 2 SA there is an isomorphism of �(SA; b) to �(SB ; �(b)) preserving
the positivity structure. If the SFT are mixing we may take as the basepoints any
two periodic points of suÆciently large, equal periods.

Proof. A conjugacy is induced in either direction by a map of graphs which sends
directed walks to directed walks. This gives isomorphisms preserving order struc-
ture for base points which correspond under the automorphism. The last statement
follows from the fact that any two periodic points of suÆciently large and equal
period in a mixing SFT can be conjugated by an automorphism [2].

When we abelianize this construction we get a concept of ordered homology for
SFT which is dual to the ordered cohomology of [3] in a sense that we will describe
below. We make our de�nitions in the setting of general zero-dimensional systems,
for which there is a weaker duality result.

Recall that the simplicial homology of a graph in dimension 1 is the kernel of a
mapping from the free abelian group on its edges into the free abelian group on its
vertices which sends each direct edge to the di�erence of its starting and terminal
vertices. Its cohomology is the cokernel of the dual map.

Let (X; s) be a zero-dimensional dynamical system. For each partition P of X
into clopen sets we de�ne a graph GP as follows. The vertices are elements of P ,
and we have a directed edge from the set C to the set D if s(C) \D 6= ;. If Q is
a partition into clopen sets that re�nes P there is a natural graph homomorphism
from GQ to GP , with the map on vertices given by inclusion.

De�nition 2.7. The homology of a zero-dimensional dynamical system (X; s) is
the inverse limit of the �rst homology groups of graphs GP de�ned above.

The relation of ordered cohomology of subshifts to graphs is described in [3].
The homology of a subshift de�ned by an inverse limit of graphs (as described

in [3]) will be the inverse limit of the homology of the de�ning graphs. The corre-
sponding direct limit of cohomology of graphs is the same as the cohomology group
in the ordered cohomology of the system. For subshifts of �nite type, this follows
by the theory in [3]. For more general systems we de�ne a mapping by sending the
characteristic function of an edge CD in GP to the characteristic function of the
clopen set s(C) \ D. We check easily that this is consistent under re�nement of
partitions. Note that C;D need not be disjoint. The coboundary of the charac-
teristic function of vertex C will be, up to identi�cation, s(C) � C and the group
these generate passes over to the group of coboundaries in the usual de�nition of
cohomology of dynamical systems.

The homology group of X is a topological group when given the topology of
an inverse limit of discrete groups. We de�ne the positive elements to be the
subsemigroup generated by elements that project to a sum of (directed) graph
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cycles in each of the graphs GP . In the SFT case these can be identi�ed with formal
sums of periodic points. It is not true that every homology class is a di�erence of
positive elements, but it is a limit of such di�erences for subshifts of �nite type, and
in that case, this partially ordered homology contains just as much information as
the ordered cohomology. Corresponding to the unit in unital ordered cohomology
is not a unit, but a sort of trace sending each homology class to its total length.
(By the length of a chain

P
miei in a graph G we mean

P
mi. This is well de�ned

on homology classes, and is preserved by the graph homomorphisms in the inverse
limit system associated with (X; s). For this reason we refer to tracially ordered
homology (terminology suggested by M. Boyle).

For an SFT with graph G it is suÆent to take the inverse limit over the sequence
of higher edge graphs En(G). To get a sequence of graphs that corresponds to a
universally re�nig sequence of partitions, we may take the sequence E2n+1(G) with
the graph homomorphisms that take a vertex [x�n; : : : ; xn] to [x�n+1; : : : ; xn�1].

De�nition 2.8. Take a partition P of a zero-dimensional dynamical system into
clopen sets. The evaluation of a cocycle represented as a cochain c =

P
i n(i)�Ci

for clopen sets Ci corresponding to edges of some graph GP , on a homology class
z which projects to that graph as a sum of cycles m(j)zj is

hc; zi =
X
i;j

n(i)m(j)
X
e2z

�Ci
(e):

We observe that the choice of P does not matter, and that any coboundary
evaluates to zero on a homology cycle, which will be a sum of graph cycles. Each
graph cycle corresponds to a sum

P
i Ci such that s(Ci)\Ci+1 6= ;. A coboundary

which is de�ned at this partition is of the form f�sf and f(s(Ci)) = f(Ci+1), hence
the evaluation is zero. The homology (cohomology) of a dynamical system T will be
denoted GT (GT ). For a subshift of �nite type, the evaluation of the characteristic
function of a clopen set on a graph cycle will be the number of periodic points of
that cycle which lie in the clopen set. This follows from the de�ning formula.

As in Lemma 3.2 of [3], in computing the homology of graphs as groups we use
undirected graphs; the directedness does play a role in determining the directed
edge graphs and hence the inverse limits.

Theorem 2.9. The homology group of a general subshift is isomorphic to the group
of homomorphisms from its cohomology group to Z with the topology of pointwise
convergence. Now suppose the system is an SFT. Its cohomology is isomorphic to
the group of continuous homomorphisms from homology to Z.

For an irreducible SFT, the positive cocycles are those which have positive eval-
uations on all periodic orbits. Finite sums of periodic orbits of total period n con-
versely are those homology cycles which have nonnegative evaluation on all positive
cocycles and have length n. The unit in ordered cohomology is determined as the
element sending every periodic point to its length or trace, and the trace corresponds
to the evaluation of a homology class on the unit.

Proof. Evaluation gives a mapping from the homology group of the shift into the
group G1 = Hom(GT ;Z) of homomorphisms from ordered cohomology to Z. It
is continuous on homology, since on a given cocycle the evaluation depends only
on some projection �� of the inverse limit to a member X� of the inverse system.
Conversely if the evaluations of classes zn on each cocycle converge (pointwise limit)
then the homology classes are equal projected to the homology of each �nite graph
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in the inverse limit. Or, a system of open neighborhoods of the identity in homology
is given by all maps of Hom(GT ;Z) which project to zero to some graph for the
system. These are exactly the maps which are zero on a basis of cocycles for the
dual graph, which is an open set in the topology of pointwise convergence. This
shows that evaluation is an open mapping as well as a continuous mapping.

Suppose that a homology class z is nonzero. Then for some projection ��, ��(z)
is nonzero and by the duality between homology and cohomology of simplicial
complexes, hc; ��(z)i 6= 0 for some cocycle c for the corresponding graph X�. This
proves the mapping d1 is one-to-one. Let h be any homomorphism from cohomology
to Z. Then h de�nes a mapping from the geometric cohomology of each X� to Z
hence a homology class of X� by duality for �nite simplicial complexes, which
gives rise to h in turn. These homology classes agree under the mappings between
di�erent projections X�, hence give a class in the inverse limit system. This proves
the �rst statement.

For irreducible subshifts of �nite type, as indicated above, the mapping from
an edge graph to the original graph induces an epimorphism on homology which
is a �nitely generated free abelian group. This is what makes possible stronger
conclusions in this case. It means that projections from the inverse limit are also
epimorphic, since the homology of each edge graph is the direct sum of a copy of
the homology of the graph, and of terms projecting to zero in its homology.

As above, by evaluation any cohomology class gives a continuous mapping from
homology to Z. Suppose that a cohomology class c evaluates to zero on each
homology class in the inverse limit. Choose a �nite graph G where c is de�ned.
Then homology of G comes from the inverse limit, therefore c is zero on each
homology class of G and is therefore zero. Let h be any continuous homomorphism
from homology to Z. To be continuous from the inverse limit into a discrete group,
it must arise from a homomorphism on some �nite projection which is the homology
of some edge graph. By duality for that edge graph, it is given by a cohomology
class. (We use Theorem 3.1, Lemma 3.2 of [3] to go between directed and undirected
cycles). This proves the second statement.

In [9] and in [3], Theorem 3.1(2), it is shown that a cocycle is positive if and only
if it has positive evaluation on every (directed) cycle (periodic point) in homology,
which is the third statement. Also the evaluation of the unit on any cycle in
homology is its length (that is, the total signed length of all closed walks in the
graph which occur in the homology cycle).

Let c be a homology class which has total length L and has nonnegative evalu-
ation on each positive cohomology class, and therefore on every positive cochain.
That means if we project to any �nite graph of the system, and evaluate on charac-
teristic functions of clopen sets representing vertices, that it assigns a nonnegative
number to each vertex, whose sum is L. It must contain some undirected cycle in
the graph, otherwise its support would be a disjoint union of trees which would
prevent it from being a homology cycle.

But if we take an L+1 fold or more iterated edge graph, each undirected minimal
cycle of length less than L is in fact a directed cycle: each vertex determines the
entire cycle which is periodic, and reversed edges can only backtrack along this cycle.
The evaluation of c will be greater than or equal to this cycle, we can subtract,
and have a homology cycle of smaller length still with nonnegative evaluation. This
process must cease and express the projected homology cycle as a sum of directed
cycles in the graph, of total length L.
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When the degree of the edge graph exceeds L, all cycles of length less than
L become disjoint. We cannot have nontrivial relations among such cycles, for
instance if we take a spanning tree to get a basis for the homology of a graph,
they will contain separate edges representing linearly independent basis elements.
Therefore the cycles of length less than L in a given positive homology class are
unique and in all higher edge graphs we have a �xed set of cycles of �xed lengths,
each of which maps to the previous set. They represent unique periodic points of
the subshifts, which give the homology class. The last statement follows from the
above statements and de�nition of the trace.

3. Representation of clopen sets

In this section we will restrict our attention to irreducible subshifts of �nite type.
Since cohomology classes with nonnegative evaluations on cycles are in e�ect

nonnegative formal sums of clopen sets (i.e. sums of their characteristic functions),
it is natural to ask whether a nonnegative cocycle is represented by a single clopen
set if its evaluation on each periodic orbit is at most the period of that orbit.

By a well-known theorem of R. Williams [11], every conjugacy of �nite type
subshifts can be produced by a sequence of state splittings and amalgamations
of graphs. Conversely, these induce conjugacies. A state splitting corresponds to
splitting a row or column of the adjacency matrix into a sum, then duplicating the
corresponding column or row. Amalgamation is the inverse operation. We refer the
reader to [7] for details.

Proposition 3.1. In the ordered cohomology of an irreducible SFT, a nonnegative
cocycle is cohomologous to a cochain which is the characteristic function of a clopen
set if and only if its value on each orbit of period n is at most n.

Proof. We will represent cochains as labels or weights on graphs. Any partition
into clopen sets is re�ned by the set of vertices in some edge graph, and we might
represent the cochain f by weighting each vertex j with the value f(j). However in
order to consider also coboundaries, it is more convenient to consider the alternative
labelling in which edges represent clopen sets and receive the weights. An edge of
a graph is the same as a vertex in its edge graph, so this is equivalent to the other
labelling, if we are allowed to pass to edge graphs.

We obtain a conjugate subshift if we split the inputs or outputs to any vertex.
The image of a cochain is the cochain where all the split edges receive the same
weight as the original. In addition to this splitting, we can modify a cocycle by
a coboundary of a cochain represented as a function d on the vertices. The e�ect
of such a coboundary, for each vertex v is to add d(v) to all outgoing edges and
subtract d(v) from all incoming edges.

We will start with a nonnegative cochain, or weighting of edges. Our goal is to
use state splittings and coboundaries to replace it with a weighting by zeros and
ones, since this corresponds to the characteristic function of a clopen set. It will be
enough to be able, without increasing the maximum weight or introducing negative
labels, to reduce by one the number of edges having the maximum weight when
the maximum weight is at least two. For then we eventually eliminate all edges of
maximum weight, and so reduce this maximum by 1.

By the weight of a path in the graph we mean the sum of the weights of the
edges. Since the average weight of any closed walk is less than or equal to 1, there
must exist some edge having the maximum weight, say m, such that any path
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going outward from it must hit an edge of weight zero before hitting another edge
of weight m (including a return to the original). For if not then we can keep on
taking paths from weight m edges to weight m edges with no weight zero edges
until we obtain a closed walk with average weight greater than 1, hence average
weight greater than 1 on some cycle.

Choose such an edge e and consider the set of all paths that begin with e and end
with the �rst occurrence of an edge of weight 0. This will involve a �nite number
of edges, �rst paths, and then cycles having positive weight on all vertices, which
pass through one of the vertices of some previously obtained walk prior to the zero
edge. By assumption these walks have no other weight m or weight 0 edges. At
each vertex prior to the termini of the zero edges, they include all edges going out
from any vertex, because every walk outward can be continued to some weight m
edge and hence will hit a 0 edge �rst.

At all the internal vertices of this set, we split o� all the weight 0 inputs. As we
do so, we will not increase the set of edges in the given walks, since the new vertices
have only zero inputs and so cannot occur in full cycles or in the paths. We may
do this in any order, and when we have �nished, all the internal edges of the path
have inputs at least 1. This also does not increase the number of edges labelled m.

Now take a coboundary which has value 1 at all these internal vertices and
therefore subtracts 1 from their inputs and adds it to their outputs. This must
reduce the weight of the initial weight m edge. All other inputs have weight at
least 1 so no negative weights are produced. All the outputs from this set of
vertices which are not inputs to the same set of vertices (in particular not on full
cycles) are into zero edges so become 1 and all outputs which are also inputs, have
weights unchanged. So no new edges acquire weights of m.

Example 3.2. Given a cohomology class f represented by the characteristic func-
tion of a clopen set C and another positive cohomology class g � f that also has
average weight less than 1 on every cycle, one might hope to represent g by the
characteristic function of a clopen set D � C. However, this is not always possible.
Replacing f by 1� f , we see this is equivalent to the problem of representing g; f
by disjoint clopen sets provided they are nonnegative and their total weight on any
closed walk is at most its length and the clopen set for f is given.

Consider the SFT given by the matrix0
@0 1 0
0 1 1
1 1 1

1
A

and let f be the cohomology class of the characteristic function of the union C
of clopen sets corresponding to the edges [12], [22], [31], [32] and [33], while g
corresponds to the edge [12]. It can be veri�ed that both cocycles are positive,
and have together average weight at most 1 on each cycle since whenever 12 occurs
in a closed walk, 23 must also occur. If we pass to the edge graph E2n+1(G) as
described in the paragraph preceding De�nition 2.8, each edge corresponds to a
path of length 2n+1 in G and receives the weight of the middle edge of that path.
Suppose we could represent g by a clopen set D corresponding to a union of edges
in E2n+1(G) that is disjoint from C. The edge [22 : : : 233 : : :3] must be in D since
it is part of the closed walk 22 : : : 233 : : :312 with total weight in f + g equal to
its length and every other edge belongs to C. On the other hand it cannot be in
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D because it is part of a closed walk 322 : : :233 : : :3 with weight 0 in g. So it is
impossible to represent g by a clopen set. In this case we can rearrange the cocycle
f however to get disjoint clopen sets.

We suspect that this failure is generic rather than special. However it may be
possible to characterize it within the ordered cohomology semigroup.

Example 3.3. In this example we employ a shorthand that describes a cocycle c
that is the characteristic function of a union of edges in the graph G by labeling
these edges with c. The weight of a path is the product of the labels on its edges.
The matrix �

1 1 + c
d1 + d2 1

�

describes a weighted graph, with sums denoting parallel edges. The cohomology
classes of the cocycles c, d1, d2 satisfy 0 � [c] � [d1]+[d2]. We claim it is impossible
to �nd cocycles c1, c2 such that 0 � [ci] � [di] and c1 + c2 is cohomologous to c.

If it were possible, we could realize these classes with edge labelings on some
En(G). Consider the four possible walks in En(G) corresponding to the vertex
sequence 1n2n1 in G. These must have weights d1, cd1, d2 and cd2. However, these
walks are the concatenations of paths P1, P2 from the vertex [1n] to [2n] with paths
Q1, Q2 going back. There is no way to label these paths with c1, c2, d1 and d2 to
obtain these weights and satisfy [ci] � [di].

This implies that we cannot represent di by disjoint clopen sets and c by a
subclopen set of their union.

Proposition 3.4. In order for k nonnegative cohomology classes di, 0 � di �
1; i = 1 : : : n to be represented by disjoint clopen sets, we must have that their
total evaluation on a length m orbit is at most m and that for any nonnegative
cohomology class z less than 1 we can write z = z0 + : : :+ zn with 0 � zi � di for
i > 0 and 0 � z0 � 1� d1 � : : :� dn.

Proof. Represent the di by disjoint sets of vertices and z by some clopen set, or
set of vertices in some edge graph. Let zi be represented by the intersection of the
clopen set for z and that for di; z0 by the rest of z.

We would like to raise the question, are these conditions also suÆcient?

De�nition 3.5. The clopen set semigroup of an SFT is the abelian semigroup
whose generators are clopen sets and whose de�ning relations are that a disjoint
union of two clopen sets is equal to their sum, and any clopen set is equivalent to
its image under the shift.

Proposition 3.6. Two elements are equal in the clopen set semigroup if and only
if the clopen sets can be decomposed into �nite numbers of disjoint clopen subsets
and shifted until the formal sums are identical. The nonnegative cohomology semi-
group of an irreducible SFT is isomorphic to the maximal quotient of the clopen set
semigroup which is a cancellation semigroup.

Proof. The relation in the �rst statement is preserved by sums and is therefore a
semigroup congruence, and the semigroup so de�ned satis�es the de�ning relations
of the clopen set semigroup. Therefore there is a homomorphism to it from the
clopen set semigroup. But all its relations hold in the clopen set semigroup, so this
is an isomorphism.
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We may identify the semigroup of formal sums of clopen sets modulo the relation
that a disjoint union of two clopen sets is equal to their sum with the semigroup
of nonnegative cochains via the identi�cation of a clopen set with its character-
istic function. This identi�cation induces a homomorphism from the clopen set
semigroup onto the nonnegative cohomology semigroup since images of relators of
the second kind are cohomologous to zero. If two nonnegative cochains f; g are
cohomologous then for some di�erence h1 � h2 of nonnegative cochains, we have
f(x) � g(x) = h1(x) � h2(x) � h1(sx) + h2(sx), so that f(x) + h2(x) + h1(sx) =
g(x)+h1(x)+h2(sx), a relation which must hold in any quotient semigroup which
is cancellation.

In what follows we use the notation �a0 : : : an� for the cylinder set de�ned by
x0 = a0; : : : ; xn = an.

Example 3.7. On the full two-shift, the cocycles given by the clopen sets �12�
and �21� are equal, being cohomologous by the coboundary of �2�. However, they
are not equal in the clopen set semigroup. The point : : : 111222 : : : lies in �12�,
hence if we could shift pieces of �12� to make �21� some translate of : : : 111222 : : :
would lie in �21�. But that is false.

4. Orbit closure equivalence

Recall that two dynamical systems are said to be orbit equivalent if there is a
homeomorphism between them that sends orbits to orbits, and ow equivalent if
they are sections of a common ow. M. Boyle and D. Handelman [3] have shown
that for irreducible subshifts of �nite type, orbit equivalence implies ow equiva-
lence, and ow equivalence corresponds exactly to isomorphism of ordered coho-
mology groups. The relation between orbit eqivalence and isomorphism of unital
ordered cohomology is unknown. In this section we discuss the connection between
cohomology and a weaker form of orbit equivalence.

De�nition 4.1. Two dynamical systems are orbit closure equivalent if there is a
homeomorphism between them sending all closures of orbits to closures of orbits and
vice versa. They are �nite orbit equivalent if there is a homeomorphism between
them sending all �nite orbits to �nite orbits.

Theorem 4.2. The following are equivalent for irreducible subshifts of �nite type:
�nite orbit equivalence, orbit closure equivalence, and isomorphism of ordered cochain
groups preserving the set of coboundaries (hence also the quotient map to ordered
cohomology) and the unit.

Proof. Suppose we have an isomorphism h on ordered cochain groups preserving
coboundaries and units. Then h induces a bijection on the collections of clopen
sets since the characteristic functions of clopen sets are precisely the nonnegative
cochains c such that 1� c is also nonnegative. This bijection respects the relations
of inclusion and disjointness. The entire subshift is topologically the inverse limit
of all �nite partitions into clopen sets, therefore h induces a homeomorphism on
topological spaces, which in turn induces h.

By duality (Theorem 2.9) h also induces an isomorphism on oredered tracial
homology, and hence a bijection of the sets of orbits of each length. Moreover we
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can identify which clopen sets contain a given orbit by the evaluation ont the corre-
sponding cycle, and their intersection gives the corresponding �nite orbit. Therefore
we have a �nite orbit equivalence.

Conversely, any homeomorphism between spaces induces a bijection of the col-
lections of clopen sets respecting inclusion and disjoint union, and hence gives an
isomorphism of ordered cochain groups. A �nite orbit equivalence gives in addition
a correspondence on �nite orbits which preserves the count of points of each orbit in
each clopen set. Therefore it preserves the evaluation of any cochain on any cycle.
In particular it preserves the set of coboundaries, since a cochain is a coboundary if
and only if it evaluates to zero on each cycle. The unit is the characteristic function
of the entire space, so it is also preserved.

Orbit closure equivalence implies �nite orbit equivalence, since the �nite orbits
are a subset of all orbit closures which the homeomorphism must preserve. Con-
versely suppose f : SA ! SB is a �nite orbit equivalence. For any sequence fOng
of �nite orbits in SA, f must take the set of limit points of fOng to the set of limit
points of the sequence ff(On)g. (By the limit points of fOng we mean all limits of
sequences fzng with zn 2 On.) This gives a family of closed invariant subsets, and
it will be enough to show that it includes all orbit closures. For the orbit closure of
a point x is the minimal element of the family that contains x, and hence f must
take it to the orbit closure of f(x).

Let w be a point of SA whose orbit closure is not the entire SFT. We want
to construct a sequence of periodic points that include longer and longer blocks
w[�n; n] but do not to converge when we shift them relative to each other in
general ways. By Lemma 2.2 of [5] we can �nd two blocks (markers) R, S of equal
length such that RS and SR occur in SA, and such that no proper initial segment
of either block is identical to a terminal segment of either block. In the construction
we may take R and S to have a common initial and �nal vertex v; passing to a
higher block presentation if necessary, we can choose v to represent a block that
does not occur in w, so R and S are not in the orbit closure of w. We choose
bounded length transitional segments Tn; Un from v to w[�n; n] and from w[�n; n]
to v respectively. We may make R, S arbitrarily long without changing v, so we
can assume that they are more than twice as long as the transitional segments.

Now we take as periodic orbits On, those generated by

Tnw[�n; n]UnRRSRRS : : : RR

Tnw[�n; n]UnSSRSSR : : : SS:

for n odd and n even respectively. Then w is a limit of the sequence fOng. However,
consider any convergent sequence fzng, zn 2 On. The sequences RRSRR will never
occur in the zn for n even and the sequences SSRSS will never occur in the zn
for n odd. Thus any sequence of central blocks on which the zn eventually agree
can extend only a bounded distance beyond the w[�n; n] blocks. If we omit this
bounded region we will get the same limit, which is thus in the orbit closure of
w.

Example 4.3. We �nd a �nite orbit equivalence f0 from a full shift S5 to itself
which is not an orbit equivalence, using methods similar to M. Boyle's [1] con-
struction of orbit equivalences which are not conjugacies up to time reversals. This
will be an orbit equivalence on the complement of a subshift M which is almost
minimal; M has a maximum proper closed invariant subset M0 which is �xed by
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the automorphism. We de�ne M by recursively generating a set Bn of marker
blocks containing blocks generated at previous stages; M consists of the biin�-
nite sequences all of whose blocks are subblocks of members of [nBn. A class of
mappings is de�ned in S5 �M by taking the largest marker block b around the
0-coordinate of a given sequence z and mapping z to a shift of itself depending on
the location of the 0-coordinate within b. We do this so that maps are consistent
on neighborhoods consisting of the next lower sized blocks, which will yield exis-
tence of a continuous extension of the map from S5 �M to M . All these maps
are involutions. There will be a generator g of M such that some shifts of g are
�xed but the map can be chosen in uncountably many ways on other shifts of g.
At most countably many can lie in the original orbit, so that some of these are not
orbit equivalences.

The action takes place on symbols 1; 2; 3 and 4; 5 are used to form markers. Bn

will denote the nth set of blocks. B1 = f1; 2; 3g. Let Nk = jBkj. Inductively, we
de�ne Bn+1 to be the set of all blocks of the form

43
n

b1b2 : : : b2Nn
53

n

where the blocks bi are in Bn and each element of Bn occurs exactly twice in the
concatenation. The length and number of these blocks are given recursively by
Ln+1 = 2NnLn + 2(3n); Nn+1 = (2Nn)!=2

Nn. It follows by induction that overlaps
among these blocks can only arise from the occurrence of elements of Bn�1 as
subblocks of the elements of Bn. M will be the subshift consisting of all points
x 2 S5 such that every block occurring in x is a subblock of a block in some Bn.

For a given k, any suÆciently long block of any Bn that contains a 1; 2 or 3 will
contain a block of Bk, and hence contains all blocks of Bk�1. Therefore any element
of M having a 1; 2; 3 has dense orbit in M . The maximal proper closed subshift of
M is the orbit closure of the point : : : 555444 : : : . This will be �xed under f0.

Consider an element z of the 5-shift which is not in M . Then for some maximal
k, z has a block b of Bk including the zero coordinate, or else there is no block
of any Bk which occurs as a block in z containing the zero coordinate. If there
is no such block or if the zero coordinate is 4; 5 then set fo(z) = z. If the zero
coordinate is in such a block b and is 1, 2 or 3, then set fo(z) = �j(z) for a j which
is speci�ed below. This means that outsideM , each element goes to a shift of itself,
so orbits and their closures are �xed. Moreover the map is de�ned in terms of �nite
blocks around the zero coordinate, so it will be continuous in the complement of
M , where these blocks must converge as we take limits. Our map will not, however,
be shift-commuting.

We will require the continuity property that if the zero coordinate of z is in a
block bn�1 of Bn�1 contained in a block bn of Bn, then the shift de�ned for bn at
each point will send the zero coordinate to one of the two copies of bn�1 in bn. The
location of the zero coordinate within that block is chosen to be consistent with the
shift chosen for bn�1. That is, (C) in some Bn�1 block around the zero coordinate,
the image will be same as if we considered only the largest Bn�1 block around the
zero coordinate in the domain. The map f0 will be chosen to be an involution;
for each pair of equal n � 1 blocks we have two choices, either to switch them or
not. This is consistent with condition (C). Being a continuous involution, f0 is a
homeomorphism on S5 �M .

Consider a sequence zn in S5 �M converging to a point of M . We de�ne the
images of zn by looking at the blocks ofBn around the zero coordinate, and mapping
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them as in the paragraph above. The image blocks are contained in one another
as n increases, and give a total image sequence according to condition (C), which
converges. The dependence of blocks of Bn in the image only on blocks of Bn in
the domain means that such limits give a unique extension of f0 to M , which will
be continuous.

Take any generator g in M and consider its shifts. If the zero coordinate is
1; 2; 3 choosing to reverse or not to reverse pairs of blocks one of which is the block
containing the zero coordinate gives an uncountable number of choices for f0(g);
but shifts of g with a 4; 5 at the zero-coordinate are �xed and lie in the same orbit.
Only countably many choices of f0 can map g to its orbit and be orbit equivalences.
But all �nite orbits are contained in S5 �M or M0 and are preserved.

5. Action of automorphisms on ordered cohomology

Let SA be a mixing subshift of �nite type and consider the product Sn � SA,
where Sn is the full n-shift. Any automorphism � of Sn may be extended to
Sn � SA by letting it act trivially on the second component. Hence � induces
an automorphism of the unital ordered cohomology of Sn � SA. The cohomology
group may be regarded as a module over the integral group ring of aut(Sn), the
automorphism group of Sn. We show in this section that for n � 3 the unital
ordered cohomology of Sn�SA together with this module structure determines the
conjugacy class of SA. We will make the assumption that n � 3 for the rest of this
section, since it is already needed in the �rst lemma.

Let f be an isomorphism from the unital ordered cohomology of Sn�SA to that of
Sn�SB , where the second factors are mixing SFT's, and assume that f commutes
with the action of aut(Sn). By duality we get a corresponding isomorphism of
ordered tracial homology, hence a bijection of orbits of each period. These induced
maps will also be denoted f .

Lemma 5.1. If f takes the orbit of (a; x) 2 Sn�SA to the orbit of (b; y) 2 Sn�SB,
then a and b lie in the same orbit of Sn.

Proof. By Theorem 1 of [2] or Theorem 4.12 of [8], for a full shift any permutation
of a �nite set of orbits that preserves period can be realized by an automorphism
of the shift. The periods of a, b are divisors of the period p of (a; x). Let � be an
automorphism of Sn which permutes orbits of periods up to and including p in a
way that �xes only the orbit of a. (Since n � 3 there are at least 3 orbits of every
period.) Then the orbit of (a; x) is �xed by �, so the orbit of (b; y) is also �xed by
� since f commutes with the action of aut(Sn). Hence b must lie in the orbit of
a.

Now we examine the ways in which f can be re�ned from a map on periodic
orbits to a map on periodic points. Let a 2 Sn; x 2 SA be periodic points of
periods p1, p2 respectively and suppose (x; a) has period p. We will denote the
shift actions on Sn, SA and Sn � SA by �1, �2 and � respectively, and the orbit
of any point z (under the appropriate shift) by O(z). By the preceding lemma, f
must take the points of the set O(a; x) = f(a; x); (�1a; �2x); : : : ; (�p1a; �

p
2x)g to

the points of O(a; y) = f(a; y); (�1a; �2y); : : : ; (�
p
1a; �

p
2y)g for some y 2 SB . We

claim that y must also have period p2. For under the action of �1 on Sn � SA,
O(a; x) sweeps out all of O(a) � O(x), a set of cardinality p1p2, and f must take
this set to O(a)�O(y).
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Lemma 5.2. Given positive integers p1, p2 with p2 dividing p1, there is a unique
way to de�ne f on the set of points (a; x) 2 Sn � SA with a of period p1 and x of
period p2 so that f agrees with the given map on homology, commutes with � and
�1, and has the form f(a; x) = (a; f1(x)).

Proof. For each such (a; x) we see from the above discussion that since p = p1
there will be a unique y of the same period as x with (a; y) in the image of O(a; x)
under f . We de�ne f(a; x) to be this point (a; y). This choice clearly makes f
�-commuting on each orbit. We claim that y depends only on x and not on a. As
a consequence, f must commute with the action of �1.

Suppose f(a; x) = (a; y) and f(b; x) = (b; z). We can choose � 2 aut(Sn) with
�(a) = b. Since f commutes with the action of � on orbits, (b; z) must be in the
orbit of (b; y). But there can only be one element in this orbit with �rst coordinate
b, so y = z.

We denote this point mapping also by f , keeping in mind that it is only de�ned
on orbits with p1 = p. Since it commutes with � and �1, it also commutes with �2.

We wish now to derive from f a bijection between clopen sets of SA and SB . We
will do this by �xing a clopen set C1 in Sn and obtaining a bijection of sets of the
form C1 � C2 in Sn � SA and Sn � SB .

Lemma 5.3. Let C be a clopen set of the form C1 � C2. Let (a; x) be a periodic
point of period p in Sn � SA. Then the evaluation of C on the orbit of (�k1a; x)

is
Pp�1

j=0 n1(�
j+k
1 a)n2(�

j
2x); where n1 and n2 are the characteristic functions of C1

and C2 respectively.

Proof. We are counting the number of j such that (�j+ka; �jx) 2 C1 � C2:

Denote the operation
Pp�1

j=0 f(�
j
1a)g(�

j
2x) as f � g(a; x). For every Cartesian

product O(a)�O(x) of orbits in the two subshifts, we have a p-tuple of evaluations
n1 � n2(�k1a; x); k = 0; : : : ; p � 1. We will consider the particular case where n1
is the characteristic function of C1 = �1� and in particular evaluations whenever
a is a0 = (100 : : : 0)1, where in both cases the 1 is in the zero coordinate. In the
next proof we will use the fact that these evaluations completely determine n2, that
is n2(x) = n1 � n2(a0; x). We will work with Cartesian products of orbits in the
two factors as our basic units, and often restrict to the case where pair of periods
(p1; p2) satis�es p2jp1.

Lemma 5.4. A cocycle c which is representable as the characteristic function of a
product of clopen sets C1�C2 has these properties: (1) 0 � c � 1; (2) the evaluation
of c on any orbit where the �rst factor does not contain the symbol 1 is zero; (3)
in each pair of periods where p2jp1 for some function f , the evaluation of c has the
form n1 � f(�k1a; x). Conversely any cocycle with these properties is representable
by a product of clopen sets C1 � C2, and the clopen set C2 is unique. Moreover,
the map f : Sn � SA ! Sn � SB preserves these properties, and hence induces a
map on clopen sets C2 in the two subshifts SA; SB which preserves evaluations on
periodic points mapped according to Lemma 5.2.

Proof. Property (1) by Prop.3.1 characterizes existence of some clopen set rep-
resenting c. The clopen set C1 = �1� does not contain 01, which implies (2).
Property (3) follows by Proposition 5.3 and the following discussion.
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Conversely suppose c has these properties. Represent it as the characteristic
function of a clopen set C and break that down as a disjoint union of cylinder sets,
which by their nature are Cartesian products over the two factors, C = [jC1j�C2j .
We want to form a candidate for C2, which will be the union of certain shifts of
some sets C2j . We will choose this C2 in such a way that the evaluations involving
a0 are correct, when p2jp1 and the period of a0 is a length great enough to de�ne
the cylinder sets. By (1) it is impossible for any C1j to be a cylinder set of the
form �00 : : :0�. We discard all j for which the block de�ning C1j has at least two
ones or a symbol greater than 1, since a0 cannot lie in such sets. For the remaining
sets, we shift the pair C1j ; C2j until this 1 entry is in the place where a0 is 1; a
shift on clopen sets does not a�ect its cohomology class. So if we take this union
of shifted C2j as C2; then C1 � C2 has the correct evaluations on products of the
form O(a0) � O(x), that is, the same as c does. But now both it and c have the
same evaluations on all orbits of this pair of periods, because both satisfy formula
(3). Note that our construction of C2 has not depended on the choice of periods.

Uniqueness follows from the fact that we have determined what periodic points
C2 contains in some sequence of periods which tends to in�nity. These periodic
points are dense in C2, so C2 is determined as their closure.

The fact that f preserves (1) is just because it is a cohomology isomorphism; it
follows from Lemma 5.1 that it preserves (2). Property (3) depends only on the
cohomology evaluations together with the Cartesian product structure of periodic
points in a given pair of periods, and it is preserved by Lemma 5.2.

Hence f induces a bijection of clopen sets in SA and SB as follows: given C2 � SA
we take the image under f of the cohomology class of the characteristic function
C1 �C2, and map C2 to the unique clopen set C 02 � SB such that C1 �C 02 realizes
this class.

Theorem 5.5. The unital ordered cohomology of a product of a full n-shift, n � 3,
and an irreducible subshift SA of �nite type, as a module over the automorphism
group of the full shift, determines the conjugacy class of SA.

Proof. Let f be an isomorphism from the unital ordered cohomology of Sn � SA
to the unital ordered cohomology of Sn � SB consistent with the action of the
automorphisms of Sn. By Lemmas 5.4 and 5.3 this de�nes an isomorphism between
the families of clopen sets which is consistent with the shift, with inclusion and
evaluation on �nite orbits.

Then we can determine from this when each intersection of shifts of these clopen
sets is nonempty. But the subshifts themselves are the inverse limits of the system of
clopen sets, so that we have identi�ed the subshifts topologically in a way consistent
with the action of the shift.

6. Conclusion

Corresponding to cohomology of subshifts of �nite type are also a fundamental
group and homology. The strongest duality properties of homology to cohomology
are speci�c to �nite type subshifts. The question of representing ordered sets of
cocycles by ordered sets of clopen sets is signi�cant for the question of whether
isomorphism of ordered cohomology yields orbit closure equivalences. We can char-
acterize representation of a single cocycle by a clopen set, and it may be that
Proposition 3.4 can characterize of inclusion of a pair of clopen sets.
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The cochain group Co, the abelian group of all functions f : SA ! Z, is acted
on by all automorphisms of SA, in particular the shift acting as an automorphism.
This action of the shift makes Co into a Z-module by n � c1 = �nc1; c1 2 Co.
By the homological algebra of Z modules, its cohomology as a Z module is the
same as the cohomology in the sense of this paper (derived from more topological
ideas in terms of graphs). That is, it is the cokernel of the operator �. Let Cp be
the cochain group of Sn � SA. It is acted on not only by the shift of each factor
but also by any subgroup G1 of the group of automorphisms of Sn (such as one-
sided automorphisms). Then the cohomology in the sense of homological algebra
H�(G1; Cp) can be considered as a kind of higher-dimensional cohomology of the
subshift. (This method of working with some cohomology theory on products, or
smash products, is often used to study generalized cohomology theories in algebraic
topology).

The positivity structure of the fundamental group and the clopen set semigroup
also give conjugacy invariants of subshifts of �nite type.
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